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Abstract

This paper considers the structure of weakly nonlinear steady-state convection patterns in shallow rectangular
containers heated from below. The lateral dimensions of the container are assumed to be much larger than the cha
wavelength of convection, and the lateral boundaries are subject to forcing equivalent, for example, to imperfect therm
tion in the Rayleigh–Benard problem. This has the effect of generating rolls parallel and perpendicular to the lateral bo
The resulting patterns are modelled by a coupled pair of nonlinear amplitude equations derived from a phenomenologi
of convection introduced by Swift and Hohenberg [Phys. Rev. A15 (1977) 319]. These equations are applicable in th
nonlinear limit to a variety of pattern-forming systems such as the Rayleigh–Benard system. Solutions are found us
numerical and asymptotic methods. The boundary imperfection is shown to give rise to some novel effects, including t
bility of patterns containing square cells. More generally, patterns evolve that are dominated by rolls but with transitions
complex bimodal forms near the edges of the container. The emergence and structure of transition lines, or grain bou
analysed in detail.
 2005 Elsevier SAS. All rights reserved.

1. Introduction

A common feature of experimental studies of Rayleigh–Benard convection is the presence of ‘imperfections’ wh
arise typically through the geometry of the container or the thermal conditions imposed at the boundaries [1]. This c
important consequences for the motions that are observed. For example, imperfect thermal insulation of the sidew
rectangular container leads to the replacement of the usual supercritical bifurcation from the conductive state by
transition as the Rayleigh number is increased [2]. The same effect is also important in a wide variety of other probl
example due to end effects in Taylor–Couette flow between rotating cylinders [3], in sloping convection [4] and in rotati
vection [5]. The present paper is concerned with convection in a shallow rectangular container heated from below and
how imperfections or forcing at the sidewalls affect the pattern of convection in the planform of the container. Previous s
incorporating imperfect lateral boundaries are limited to planforms infinite in at least one direction, and the main obje
the present work is to obtain results for finite domains, as in experiments. In large planform systems it is generally di
obtain perfectly regular patterns in experiments. Forcing the system at the boundaries is of some interest experimental
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doi:10.1016/j.euromechflu.2005.01.004



752 A.A. Al-Ali, P.G. Daniels / European Journal of Mechanics B/Fluids 24 (2005) 751–766

e regular

rfections
nents is
indicate
endicular
n lines, or
Lee [11].
[12] and
ross [14],

orthogo-
conditions
quations
and Ho-
tangle are
In the first
ne stage a

ugh a super-
s which
ases. The
ection 5.

be derived
vection
ection (see

ussinesq
e level
domain
med

tance, a
es of the

g-

ndic-
when done in a controlled manner (see, for example, Pocheau and Croquette [6]) it offers a way of generating mor
behaviour, allowing closer comparison between theory and experiment.

Imperfections at a sidewall generate roll components parallel to that wall [7] so that for the general case where impe
exist at all four sidewalls the solution must contain two orthogonal roll components. The interaction of these compo
modelled here by a coupled pair of nonlinear amplitude equations. Solutions of this system in the perfect case [8]
an initial preference for rolls parallel to the shorter sides of the rectangle [9] and the subsequent emergence of perp
cross rolls near these boundaries [10] as the Rayleigh number is increased. This leads to the presence of transitio
grain boundaries, within the rectangle and the detailed structure and location of these were studied by Daniels and
Such boundaries, where patterns with different orientations meet in an abrupt fashion are important in crystal growth
have been studied in the context of thermal convection by, for example, Manneville and Pomeau [13], Tesauro and C
Malomed et al. [15], Hari and Nepomnyashchy [16] and Hoyle [17].

The imperfections studied here are equivalent to the requirement that the amplitude functions of the two sets of
nal rolls assume non-zero values at the lateral boundaries of the rectangle: the amplitude equations and boundary
are formulated in Section 2 and can be derived in the weakly nonlinear limit from either the Oberbeck–Boussinesq e
governing Rayleigh–Benard convection or from simpler phenomenological models such as that introduced by Swift
henberg [18]. Numerical results described in Section 3 focus on two cases, one where all four boundaries of the rec
subject to imperfections of equal magnitude and the other where just the shorter edges are subject to imperfections.
case an interesting sequence of two-dimensional patterns occurs as the Rayleigh number increases, including at o
pattern consisting of square cells. In the second case the emergence of cross rolls near the shorter edges occurs thro
critical bifurcation of the stationary state which is analysed in Section 4. This results in the formation of grain boundarie
initially move away from the shorter edges of the rectangle but then approach again as the Rayleigh number incre
location of the grain boundary as a function of both the Rayleigh number and the boundary forcing is determined in S
The results are discussed in Section 6.

2. Formulation

The system of amplitude equations and boundary conditions to be studied here is generic in the sense that it can
in the weakly nonlinear limit from a number of nonlinear physical systems, including phenomenological models of con
discussed by Cross and Hohenberg [19] and the Oberbeck–Boussinesq equations governing Rayleigh–Benard conv
below). A typical relaxational model widely studied in the literature is that introduced by Swift and Hohenberg [18]:

∂ψ

∂t
= εψ − (∇2 + 1)2ψ − ψ3, (1)

whereψ is a function ofx, y and t , ∇2 = ∂2/∂x2 + ∂2/∂y2, x andy denote Cartesian coordinates andt denotes time. This
equation contains the essential ingredients of diffusion and cubic nonlinearity which characterise the Oberbeck–Bo
system. The functionψ is a characteristic property of the flow, such as the vertical velocity component at the mid-plan
andε is a parameter equivalent to the excess of the Rayleigh number above its critical value for an infinite layer. A finite
0 � x � L, 0� y � M is assumed where bothL andM are large compared with unity. On the lateral boundaries it is assu
that

ψ = 4λ1,2L−1/
√

3, ∂ψ/∂x = 0 atx = 0,L, (2)

ψ = 4γ1,2L−1/
√

3, ∂ψ/∂y = 0 aty = 0,M, (3)

whereλ1,2 andγ1,2 are finite imperfection parameters which in the Rayleigh–Benard system can represent, for ins
small slip, displacement or thermal conductivity at the walls. Imperfections can also be introduced via non-zero valu
derivatives in (2), (3), with similar effect (see below).

Steady, spatially-periodic solutions of (1) exist forε > 0 and, for small values of|ε|, amplitude equations describing ortho
onal rolls aligned with the sidewalls are obtained by setting

ψ = 2√
3
L−1{

A(X,Y, τ )eix + B(X,Y, τ )eiy} + c.c. + · · · . (4)

Herec.c. denotes complex conjugate,A andB are complex functions representing the amplitudes of rolls with axes perpe
ular to thex andy directions respectively (x-rolls andy-rolls) andX,Y andτ are defined by

x = LX, y = LY, t = L2τ/4. (5)
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It then follows from (1) that for finite values of

δ = εL2/4, (6)

A andB satisfy the coupled pair of amplitude equations

∂A

∂τ
= ∂2A

∂X2
+ δA − A

(|A|2 + 2|B|2)
, (7)

∂B

∂τ
= ∂2B

∂Y2
+ δB − B

(|B|2 + 2|A|2)
(8)

(see Daniels and Weinstein [8]). Finite values ofδ are equivalent to an orderL−2 band of values ofε near the critical value
for an infinite layer,ε = 0. Although the scalings (4)–(6) lead to the absence ofY andX derivatives in (7) and (8) respectivel
bothA andB will in general vary with bothX andY through the nonlinear interaction.

Boundary conditions for the system (7), (8) are derived from (2) and (3) by considering regions near each sidewallx

or y are of order unity. For the sidewall region nearx = 0 the local solution forψ satisfies(∇2 + 1)2ψ = 0 to leading order
allowing a solution for thex-roll component of the formψ ∼ 2(

√
3L)−1 eix(a1 + b1x) + c.c., wherea1 andb1 are complex

functions ofY andτ . However, matching with (4) requires thatb1 = 0 and the real and imaginary parts ofa1 (=A(0, Y, τ ))

are then fixed by the wall conditions (2). Further details for the case of an isolated wall are given by Daniels and Weins
and the extension to the present case leads to the four boundary conditions

A = λ1 atX = 0, A = λ2 e−iL atX = 1, (9)

B = γ1 atY = 0, B = γ2 e−iM atY = a, (10)

wherea = M/L is the aspect ratio of the rectangle. Note that if the derivatives ofψ in (2), (3) are non-zero, this simpl
generates additional (complex) terms on the right-hand sides of (9) and (10) – in either case the key effect of the imp
is to generate non-zero boundary conditions forA andB. The absence of conditions onB at X = 0,1 andA at Y = 0, a is
consistent with the form of Eqs. (7), (8); the necessary adjustments to accommodate the full boundary conditions (2
made within boundary layers of thicknessx (or y) ∼ ε−1/4 ∼ L1/2 where fourth-order spatial derivatives enter the amplit
equations. These boundary layers are discussed by Brown and Stewartson [2] and Daniels and Weinstein [20] and are
passive, allowing the amplitude and gradient in amplitude of the relevant component of (4) to reduce to zero at the bo

Rayleigh–Benard convection in a rectangular container with rigid horizontal boundaries is also governed (via suita
transformations from the physical variables) by Eqs. (7), (8) although in this case each of the coefficients of 2 in Eqs. (
replaced by a Prandtl-number-dependent coefficient whose value varies from 1.23 for infinite Prandtl number to 14.3
Prandtl number [21]. For this range of values no qualitative difference is expected in the behaviour of steady-state
compared with those of (7)–(10). Boundary conditions of the form (9), (10) correspond, for example, to sidewalls with im
thermal insulation; details of the derivation in the case of roll patterns between stress-free horizontal boundaries are
Daniels [7] and in the case of rigid boundaries by Stewartson and Weinstein [22].

Solutions of (7)–(10) for the caseλ1,2 = γ1,2 = 0 have been obtained by Daniels and Weinstein [8] and Daniels and Lee
the present paper is concerned with non-zero values of the imperfection parameters.

3. Numerical results

Numerical solutions of the system (7)–(10) were obtained using a finite difference scheme based on central differeX

andY and a forward difference in time. Steady-state solutions were allowed to evolve from an initial state

A = A0(X,Y ), B = B0(X,Y ) at τ = 0 (11)

and solutions were computed typically with step lengths�X = 0.0125,�Y = 0.0125 and�τ = 0.00005, the last of thes
being chosen sufficiently small to maintain numerical stability in the explicit scheme. Checks on accuracy were perform
other step sizes. For simplicity, solutions were found for cases in whichA andB are real, corresponding to situations whe
L andM in (9) and (10) are integer multiples of 2π . Results are described here for two main cases, the first where al
imperfection parameters are equal and non-zero and the second where two of the imperfection parameters(λ1,2) are equal and
non-zero and the other two(γ1,2) are zero. For definiteness the non-zero value is chosen to be 3 although other valu
qualitatively similar results. If the values of the four parameters are non-zero but unequal the main effects caused by t
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Fig. 1. Steady-state profilesA andB onY = 0.3 for the casea = 0.6 with λ1,2 = γ1,2 = 3 and a range of values ofδ.

symmetry are mostly confined to the edge regions of the rectangle as the control parameterδ increases and are not investigat
in detail here.

Steady-state solutions forA andB in the first case were computed from the initial state

A0 = 3+ sin(πX), B0 = 3+ sin(πY/a) (12)

and results for several values ofδ and an aspect ratioa = 0.6 are shown in Figs. 1 and 2. This value ofa is chosen to allow
comparison with previous results for the corresponding perfect problem by Daniels and Weinstein [8] and Daniels and
Other values ofa give qualitatively similar results although the limiting cases of the square (a = 1) and channel (a → 0) deserve
special attention and are not discussed here. WithA andB real, the Swift–Hohenberg functionψ can be approximated by th
form

ψ = 4√
3
L−1(Acosx + B cosy) (13)

and contours of this function are shown in Fig. 3 forL = 30π,M = 18π .
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Fig. 2. Steady-state profilesA andB onX = 0.5 for the casea = 0.6 with λ1,2 = γ1,2 = 3 and a range of values ofδ.

At large negative values ofδ the steady-state solution approaches the form

A ∼ 3cosh{(−δ)1/2(X − 1/2)}
cosh{(−δ)1/2/2} , B ∼ 3cosh{(−δ)1/2(Y − a/2)}

cosh{(−δ)1/2a/2} , −δ � 1, (14)

since the nonlinear terms in (7), (8) have a negligible effect on the solution, which is small except near the four wal
rectangle. The pattern forδ = −40 shown in Fig. 3 is interesting because althoughA andB are small throughout most of th
rectangle they are of comparable magnitude. Thus the pattern is a bimodal mixture ofx andy-rolls near the shorter ends but
dominated byy-rolls in the central region due to the closer proximity of the boundaries atY = 0, a. As δ increases the steady
state magnitudes ofA andB increase and atδ = 0 there is a bimodal pattern throughout the rectangle. Atδ = 27 there is a
solution withA = B = 3 throughout the rectangle, corresponding to a pattern of square cells oriented at 45 degrees to t
With further increase inδ the solution forA begins to dominate that forB throughout most of the rectangle. This is beca
at largeδ the growth ofA to the asymptotic core solutionA ∼ δ1/2 occurs when the core widthX = 1 � δ−1/2 whereas the
corresponding core solutionB ∼ δ1/2 can only occur whenY = a � δ−1/2. Sincea < 1, the former occurs ahead of the lat
asδ increases and so most of the domain is dominated byx-rolls whenδ is large, with the value ofB much less than that ofA.
This is confirmed by the solutions shown in Figs. 1–3 forδ � 50 but there is also an indication of the existence of a bimo
state in whichx andy-rolls coexist near the shorter lateral boundariesX = 0 andX = 1. This can be viewed as a manifestati
ls
e
is
-

h
u

te

d
o
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(a)

(b)

(c)

Fig. 3. Contours of the steady-state solution forψ with L = 30π,M = 18π and a = 0.6 for the caseλ1,2 = γ1,2 = 3 with (a) δ = −40,
(b) δ = 0, (c)δ = 27, (d)δ = 50, (e)δ = 100.
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Fig. 3. Continued.

of the cross-roll instability discussed by Pomeau and Zaleski [10]: from Eq. (8) it is seen thaty-roll perturbations of the form
B ∼ eστ sin(πY/a) will grow on anx-roll state in any region where|A|2 < (δ − π2/a2)/2. In the present situation this fir
occurs near the endsX = 0 andX = 1 when

δ > δc = π2

a2
+ 2λ2 (15)

and in the case whereλ = λ1,2 = 3 anda = 0.6 the critical value ofδ is δc = 45.42.
Results for the second case, where the two imperfection parametersγ1 andγ2 are set to zero and the initial state is taken

A0 = 3+ sin(πX), B0 = sin(πY/a), (16)

are shown in Figs. 4 and 5, again fora = 0.6. Here the steady-state solution is dominated entirely byx-rolls until δ reaches
the critical valueδc = 45.42 given by (15), at which point the primary steady-state solution consisting ofx-rolls undergoes
a bifurcation to a bimodal (x-roll/y-roll) state near the shorter lateral walls. Transition lines, or grain boundaries, se
these regions from the core region in whichB is now identically zero, but in most respects the solution forδ = 100 shown
in Fig. 5 is qualitatively similar to that of the case whereγ1 and γ2 are non-zero (Fig. 3). Strictly speaking, for the so
tion nearX = 0, the transition line,X = XT say, can be defined by the largest value ofX at which the steady linearize
version of (8),

∂2B

2
+ (

δ − 2|A|2)
B = 0, (17)
∂Y
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Fig. 4. Steady-state profilesA andB onY = 0.3 for the casea = 0.6 with λ1,2 = 3, γ1,2 = 0 and a range of values ofδ.

subject toB = 0 at Y = 0 and Y = a has a non-trivial eigenfunction. IfA is independent ofY then this correspond
to the condition|A| = (δ − π2/a2)1/2/

√
2. In practice,A is not independent ofY at XT but this latter condition re

mains a good approximation for general values ofδ and will be shown to be correct to leading order both asδ → δc
and asδ → ∞. The bifurcation structure atδc and the solution structure asδ → ∞ are examined in more detail in th
next two sections, in particular to determine the influence of the imperfection parameterλ on the position of the transitio
lines.

4. Bifurcation structure at δ = δc

For the symmetric case whereγ1 = γ2 = 0, λ1 = λ2 = λ > 0 andA andB are real, the structure of the bifurcation at t
critical valueδ = δc given by (15) can be analysed as follows. A symmetric steady-state solution of (7)–(10) for whichB = 0
can be written in the form

A = A(X; δ) =
(

2δm
)1/2

sn

{
δ1/2(X − 1/2)

1/2
+ K(m),m

}
, (18)
1+ m (1+ m)
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l

(a)

(b)

Fig. 5. Contours of the steady-state solution forψ with L = 30π,M = 18π anda = 0.6 for the caseλ1,2 = 3, γ1,2 = 0 with (a) δ = 50,
(b) δ = 100.

where sn is the Jacobian elliptic function (see, for example, Abramowitz and Stegun [23]),K(m) is the complete elliptic integra
of the first kind and the parameterm is fixed implicitly by the equations

λ =
(

2δm

1+ m

)1/2
sn(δm,m), δm = K(m) − δ1/2

2(1+ m)1/2
. (19)

Whenδ reaches the valueδc this solution becomes unstable to cross-roll perturbations nearX = 0 andX = 1 and a new stable
steady-state solution can be found which locally consists of a combination ofx-rolls andy-rolls.

Setting

δ = δc + δ̄, (20)

the solution is found by assuming thatδ̄ � 1 and that the rectangular domain is subdivided into a core region 0< X < 1,0 �
Y � a whereB = 0 and

A = A0 + δ̄A1 + δ̄2A2 + δ̄3A3 + · · · , δ̄ → 0 (21)

and wall regions nearX = 0 andX = 1. The leading termA0 satisfies the equation

∂2A0
2

+
(

π2

2
+ 2λ2

)
A0 − A3

0 = 0, (22)

∂X a
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Fig. 6. The Jacobian elliptic functionA0 = A(X; δc) for the casea = 0.6, λ = 3, whereδc = 45.42.

with A0 = λ atX = 0,1 and the solution is given by (18) evaluated atδc,A0 = A(X; δc). This solution has the form

A0 = λ + µ1X + µ2X2 + · · · , X → 0, (23)

where

µ1 = δ(2m)1/2

1+ m
cn(δm,m)dn(δm,m), µ2 = −λ

2

(
π2

a2
+ λ2

)
, (24)

and cn and dn are the Jacobian elliptic functions. The solution forA0 in the casea = 0.6, λ = 3, wherem = 0.949 and
µ1 = 25.74 is shown in Fig. 6. Successive terms satisfy the equations

∂2Ai

∂X2
+

(
π2

a2
+ 2λ2

)
Ai − 3A2

0Ai = χi, i = 1,2,3, (25)

whereχ1 = −A0, χ2 = 3A0A2
1 − A1 andχ3 = 6A0A1A2 − A3

1 − A2. The solutions forA1 andA2 must vanish atX = 0 and
X = 1 but the interaction betweenx-rolls andy-rolls in the wall regions forcesA3 to be non-zero atX = 0 andX = 1. This
interaction is considered next.

In the wall region nearX = 0, the solution is expressed in terms of a local coordinate	X defined by

	X = δ̄−1X (26)

with

A = λ + δ̄Ā1 + δ̄2Ā2 + δ̄3Ā3 + · · · , (27)

B = δ̄1/2	B0 + δ̄3/2	B1 + δ̄5/2	B2 + · · · , (28)

whereĀ1, . . . , 	B0, . . . are functions of	X andY . Substitution into (7) shows that̄A1 is a linear function of	X and the only
solution which vanishes at	X = 0 and matches with (21) as	X → ∞ is

Ā1 = µ1	X. (29)

From (8),	B0 satisfies

∂2	B0

∂Y2
+ π2

a2
	B0 = 0; 	B0 = 0 atY = 0, a, (30)

giving

	B0 = b0(	X)sin(πY/a), (31)

whereb0 is a function of	X to be determined.
In (7), terms of order one, together with the boundary condition at	X = 0, give

Ā2 = ν1	X + µ2	X 2, (32)
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whereν1 = ∂A1/∂X(0, Y ). In (8), terms of order̄δ3/2 give

∂2	B1

∂Y2
+ π2

a2
	B1 = 	B0(	B 2

0 + 4λĀ1 − 1); 	B1 = 0 atY = 0, a. (33)

This system has a solution only if

a∫
0

	B 2
0 (	B 2

0 + 4λĀ1 − 1)dY = 0, (34)

which gives eitherb0 = 0 or, for the positive root,

b0 = 2√
3
(1− 4λµ1	X)1/2, 	X < 	XT , (35)

where	XT = (4λµ1)−1. The only feasible solution for	X > 	XT is b0 = 0 and it is envisaged that for	X < 	XT the solution (35)
represents the stable steady-state form. Thus in the region near the wall 0< 	X < 	XT , x-rolls andy-rolls coexist, while outside
the transition line	X = 	XT only x-rolls are present.

In (7), terms of order̄δ give

∂2Ā3

∂	X 2
= Ā1

(
λ2 − π2

a2

)
+ λ(2	B 2

0 − 1), (36)

which shows that the solution for̄A3 is influenced by the presence ofy-rolls. This equation must be integrated separately
each side of the transition line and this gives

Ā3 = −1

2
λ	X 2 + 1

6
µ1

(
λ2 − π2

a2

)
	X3 + 8

3
λ	X 2

(
1

2
− 2

3
λµ1	X

)
sin2(πY/a) + 	ω1	X (37)

for 	X < 	XT , having made use of the fact thatĀ3 = 0 at 	X = 0, and

Ā3 = −1

2
λ	X 2 + 1

6
µ1

(
λ2 − π2

a2

)
	X3 + ω1	X + ω, 	X > 	XT , (38)

whereω is an arbitrary function ofY and, from matching with the core solution,ω1 = ∂A2/∂X(0, Y ). Continuity ofĀ3 and
∂Ā3/∂	X at 	X = 	XT now gives

ω̄1 = ω1 − 1

3µ1
sin2(πY/a) (39)

and

ω = − 1

36λµ2
1

sin2(πY/a). (40)

The solution forĀ3 is of interest because it shows how the amplitude ofx-rolls varies withY throughout the wall region and tha
this variation extends, via the solution forω above, into the region outside the transition line. This variation in turn influe
the core solution through the matching condition

A3(0, Y ) = ω (41)

which provides one boundary condition for the outer functionA3(X,Y ). By symmetry, the other boundary condition is

A3(1, Y ) = ω (42)

and it follows that there is an orderδ̄3 variation withY in the amplitude of the mainx-roll pattern throughout the containe
associated with the outer termA3. In fact, the conditions (41), (42) can be simply viewed as aY -dependent correction toλ, and
the core solution (21) to terms of orderδ̄3 is just the exact solution (18), (19) withδ replaced by (20) andλ replaced by

λ − δ̄3

36λµ2
1

sin2(πY/a) (43)

in (19). Thus the effect of they-rolls near the boundaries is equivalent to a small,y-dependent reduction in the value of t
imperfection parameter, with the maximum effect occurring at the centre-lineY = a/2.
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Fig. 7. Comparison of the transition line positionX calculated (i) numerically from the steady-state solution usingA(X,a/2) =
(δ − π2/a2)1/2/

√
2 and (ii) from the asymptotic result (44), for the casea = 0.6, λ = 3.

In summary, it has been shown that whenδ just exceedsδc , the stable steady-state solution will contain transition li
located atX = XT andX = 1− XT where

XT ∼ (4λµ1)−1(δ − δc), δ → δc + . (44)

Within the transition line nearX = 0 the amplitude ofy-rolls (assuming the positive solution forB) is given by

B ∼ 4(λµ1/3)1/2(XT − X)1/2 sin(πY/a), X < XT . (45)

The result (44) is compared with the numerical computations of Section 3 in Fig. 7 and indicates good agreement. N
that asλ → 0, µ1 remains finite and non-zero so thatXT → ∞ in (44). Thus the distance of the transition line from the w
increases as the imperfection tends to zero; consideration of the caseλ = 0 [8] shows that the transition line is then located
XT ∼ (δ − δc)

1/2(
√

2µ1)−1.

5. Solution structure as δ → ∞

Again the symmetric case whereλ1 = λ2 = λ > 0, γ1 = γ2 = 0 andA andB are real is considered. The structure of
steady-state asymptotic solution in the limit asδ → ∞ is similar to that of the perfect case described by Daniels and Lee
The solution forB is assumed to reach exponentially small values along a path

X ∼ δ−1/2U(Y ), (46)

whereU is a function ofY to be determined below. This implies that theeffectivetransition line is located atX = δ−1/2U(Y )

rather than atX = XT , the solution of (17). WithXT = δ−1/2U(a/2), the solution forB bifurcates from zero atX = XT

but remains exponentially small in the regionδ−1/2U(Y ) < X < XT . The bifurcation atXT is ‘local’ in the sense that th
eigenfunction of (17) is non-exponentially small only in the immediate neighbourhood ofY = a/2, whereU has a maximum
value. Either side of the line (46),A andB can be expanded as

A = δ1/2Ã0(s, Y ) + δ−1/2Ã1(s, Y ) + · · · , (47)

B = δ1/2B̃0(s, Y ) + · · · , (48)

wheres = δ1/2X − U(Y ) and withB identically zero fors > 0. It is found that

Ã0 = tanh
{
(s + c)/

√
2
}
, s > 0, (49)

wherec = √
2 tanh−1(1/

√
2) and that

Ã0 = √
2/3 sech(d − s), B̃ 2 = 1− 2Ã2, s < 0, (50)
0 0
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h
n

sult for

here [11].
whered = ln
√

3. Consideration of the term̃A1 then shows that

A ∼ δ1/2
{

2
√

2√
3

es + · · ·
}

− δ−1/2
{

d2

2
√

2
e−s + · · ·

}
+ · · · , (51)

ass → −∞, whered2 is a function ofY given by

8d2 = U ′′(2 ln|U ′| − ln δ − k2
)
, (52)

andk2 is a finite constant. The result (52) is obtained by matching across a transition layer centred on (46) wheres is of order
δ−1/3. Within this region the amplitude ofx-rolls reaches the valueA = (δ − π2/a2)1/2/

√
2. The behaviour (51) must matc

with the solution in a wall region where the local coordinateX̃ is defined byX = δ−1/2X̃ and, assuming the positive solutio
for B,

A = Ã(X̃, Y ) + · · · , B = δ1/2 + · · · , δ → ∞. (53)

From (7), the functionÃ satisfies

∂2Ã

∂X̃2
− Ã = 0 (54)

and sinceÃ = λ on X̃ = 0 it follows that

Ã = λcoshX̃ + G(Y)sinhX̃, (55)

whereG is an arbitrary function ofY . SinceX̃ = s + U , matching with (51) as̃X → ∞ implies that

G = 4
√

2

3
δ1/2 e−U − λ = d2√

2
δ−1/2 eU + λ (56)

and substitution ford2 from (52) implies thatU must be found by solving the equation

U ′′(2 ln|U ′| − ln δ − k2
) = 64δ e−2U/3− 16

√
2δ1/2λe−U . (57)

The imperfection parameterλ generates an additional term on the right-hand side, compared with the corresponding re
λ = 0 obtained by Daniels and Lee [11].

Eq. (57) is now solved in the limitδ → ∞ by writing

U = 1

2
ln δ − 1

2
ln(ln δ) + P(Y ), (58)

in which caseP(Y ) satisfies

P ′′ + 64

3
e−2P = (ln δ)−1/2F(P,P ′,P ′′), (59)

where

F(P,P ′,P ′′) = 16
√

2λe−P + (ln δ)−1/2P ′′(2 ln|P ′| − k2
)
. (60)

This suggests thatP can be expanded in inverse powers of(ln δ)1/2,

P = P0(Y ) + (ln δ)−1/2P1(Y ) + O
(
(ln δ)−1)

, (61)

where the leading termP0 satisfies the equation

P ′′
0 + 64

3
e−2P0 = 0. (62)

The relevant solution is the one that is symmetric aboutY = a/2 and has singular behaviourP0 → −∞ that coincides with the
sides of the rectangleY = 0 andY = a, giving

P0 = ln

{
8a√
3π

sin(πY/a)

}
. (63)

This ensures that the transition line bends into the corners of the rectangle, allowing consistent solutions to be found t
The imperfectionλ generates the next termP1 which satisfies the equation

P ′′
1 − 128

e−2P0P1 = 16
√

2λe−P0. (64)

3
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Using (63), this is found to have general solution

P1 = C

(
a

π
− Y cot(πY/a)

)
+ D cot(πY/a) − 2

√
6λa

π
cosec(πY/a), (65)

whereC andD are arbitrary constants. These must be chosen to ensure that the solution is symmetric aboutY = a/2 and to
avoid algebraic growth asY → 0 andY → a, which would be too large to match with the corner regions described by Da
and Lee [11]. This gives

P1 = 4
√

6λa

π2

{
1− π

2
cosec(πY/a) − π

(
Y

a
− 1

2

)
cot(πY/a)

}
(66)

and is shown in Fig. 8.
The solution forP1 determines the correction to the position of the transition line, or grain boundary, due to the pres

the imperfection. From (46), (58) and (61) the transition line is located at

X = δ−1/2
{

1

2
ln δ − 1

2
ln(ln δ) + ln

(
8a√
3π

sin(πY/a)

)}

+ δ−1/2(ln δ)−1/2 4
√

6λa

π2

{
1− π

2
cosec(πY/a) − π

(
Y

a
− 1

2

)
cot(πY/a)

}
+ O

(
δ−1/2(ln δ)−1)

(67)

asδ → ∞. Fig. 9 shows a comparison between this formula evaluated atY = a/2 with λ = 3 anda = 0.6 and the numerica
computations of Section 3 for values ofδ up to 600. In the latter case, the results show the value ofX at whichA = (δ −
π2/a2)1/2/

√
2 andY = a/2 interpolated from the relevant steady-state solution. This indicates good agreement and sh

the transition line approaches the wall asδ → ∞. The curve computed numerically by Daniels and Lee [11] for the caseλ = 0
is also shown in Fig. 9 for comparison. The main effect of the imperfection in (67) is to move the transition line close
wall than in the caseλ = 0. In this respect, the imperfection has a similar effect to that observed in the post-bifurcation
δ = δc+ discussed in Section 4.

6. Discussion

Numerical and asymptotic solutions have been found describing the effect of imperfect lateral boundary condition
structure of orthogonal roll patterns in a rectangular geometry. Solutions of the coupled pair of amplitude equations deri
the weakly nonlinear limit of the Swift–Hohenberg equation studied here are also relevant to the Rayleigh–Benard
between rigid boundaries for a specific Prandtl number [21] and for general Prandtl numbers in a qualitative sense
simplifications have been made in order to bring out the main features of the solution, and it would be an interesting e
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Fig. 9. Comparison of the transition line positionX calculated (i) numerically from the steady-state solution usingA(X,a/2) =
(δ − π2/a2)1/2/

√
2 and (ii) from the asymptotic formula (67) withY = a/2, for the casea = 0.6, λ = 3. The corresponding numeric

result (iii) for the casea = 0.6, λ = 0 obtained by Daniels and Lee [11] is also shown.

of the present work to consider cases whereL andM are not integer multiples of 2π and other more general forms of (9), (1
whereA andB are complex functions ofX andY . It is known [24] that boundary forcing is one mechanism for the genera
of phase-winding solutions in which the arguments of the complex amplitudesA andB vary with X andY respectively. Such
solutions correspond to changes in wavelength and thus the possibility of fitting different numbers of rolls into the co
Transitions between such solutions with different numbers of rolls may arise as secondary instabilities or through nonli
bifurcations. By restricting attention to real values ofA andB, such transitions are excluded from the present study.

Two different combinations of imperfection parameters have been studied in detail, the first corresponding to equ
fections on all of the lateral walls (λ1,2 = γ1,2 = 3). At moderate values of the control parameterδ such imperfections hav
a significant impact and generally produce bimodal patterns throughout the rectangle. At higher values ofδ the imperfections
on the longer walls (γ1,2) have relatively little impact on the convection pattern, except very close to these walls. The
fections on the shorter walls (λ1,2) control the growth of bimodal patterns near these walls which occur via a superc
bifurcation in the case whenγ1,2 = 0. Non-zero values ofγ1 andγ2 generally result in the replacement of the bifurcation b
smooth transition as the control parameter increases, but the emerging supercritical state is not significantly different
studied in Section 4 apart from the fact that it has no distinct transition lines. Whenγ1,2 = 0, the imperfections on the short
walls (λ1,2) shift the location of the transition lines nearer to the walls than in the case of no imperfection. For afixedsize of
(small) imperfection, the bifurcation criterion (15) is always reached as the control parameter increases but if the si
imperfection is such that|λ1,2| > (δ − π2/a2)1/2/

√
2 then the criterion (15) is never met and the cross-rolls are not gene

at all.
The present work is confined to roll patterns orthogonal to the boundaries of the rectangle and these are precise

components that are generated by the imperfection at the boundaries. In practice, it is likely that other modes of conve
also be significant in the same range of control parameter (−∞ < δ < ∞) such as the diagonal modes discussed by Daniels
and observed in numerical simulations of the Swift–Hohenberg equation by Greenside and Coughran [26]. The inter
such modes with those considered here is left for future consideration.
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